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Comparing stochastic models

Aim: Compute a measure of model uncertainty

E.g. optimal stopping:

P—o(P) = Slelg)—]EP[L(T,w)]

P law of solution of SDE
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Aim: Compute a measure of model uncertainty

E.g. optimal stopping:

P—o(P) = Slelg)_]EP[L(T,w)]

P law of solution of SDE
Want:

— Appropriate topology on laws of stochastic processes

— Distance we can actually compute



b,b: [0,T] xR = R, 0,5: [0,T] x R — [0, 00),

dXt = bt(Xt)dt + O't(Xt)dBt, Xo = Xo,
dXt = Bt(Xt)dt + 5t<Xt)th, XO = xq.

p = Law(X), v = Law(X)
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“appropriate distance” dy,, p > 1,
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dXt = bt(Xt)dt + O't(Xt)dBt, Xo = Xo,
dXt = Et(Xt)dt + 5t<Xt)th, XO = xq.

p = Law(X), v = Law(X)

Theorem [Backhoff-Veraguas, Kallblad, R. '24]

For “sufficiently nice” coefficients, we can compute an
“appropriate distance” d,, p > 1, by

ar
dp(p, V)P = E[/ | X+ —Xt\pdt], with B = /.
0
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E.g. optimal stopping:

P o(P) = SLEI%Z)_E]P[L(T,W)]



Application

E.g. optimal stopping:

P o(P) = Slel%i)_Ep[L(T,w)]

Theorem
[Acciaio, Backhoff-Veraguas, Zalashko '19], [R. Szdlgyenyi '24]

w > L(t,w) Lipschitz on (2, || - ||z#) unif. in t € [0,T]
=
P+ v(IP) Lipschitz on (P,(f2),d,)
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Optimal transport

Probability measures 1, v € P,(RY), p € [1,00).

Find Wasserstein distance

WE(p,v) = _inf E[X — Y]

~p,Y ~v

Metrises weak topology on Pp(RN)



[Aldous '81], [Backhoff-Veraguas, Bartl, Beiglbock, Eder '20]
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Optimal transport

Probability measures 1, v € P,(RY), p € [1,00).
Find Wasserstein distance

Wh(u,v) = inf E[X —Y/]

Xr~op,Y ~v
N
“= inf E|)|Th(X) - XaP|”
T: RER? —
T#,LLZZ/ fo=il




Optimal transport

Probability measures p,v € P,(RY), p € [1,00).
Find Wasserstein distance

We(u,v) = inf  E[X — Y]
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Adapted topology

Probability measures 1, v € P,(RY), p € [1,00).

Find Wasserstein distance

WE(h,v) = XNL%EUX -Yp)
W o pl»
- o B 00 -]
Typ=v

T(X) = (Th(Xy,...,. X))y ee Tn(Xe, .o, X))



Adapted topology

Probability measures 1, v € P,(RY), p € [1,00).

Find adapted Wasserstein distance

AWg(u,v) = _inf _ E[X = VP
bicausal
N
P= inf . E T, (X)—X,P|”
T: RER? Z‘ n(X) nl ]
Tup=v n=1
T biadapted

T(X) = (Ty(X1), To(X1, X2), ..., Tn(X1, ..., Xn))

and symmetric condition.



Adapted topology

Probability measures p, v € P,(RY), p € [1,00).
Find adapted Wasserstein distance
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XY ov

bicausal
N
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T biadapted
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Adapted topology

Probability measures p,v € P,(RY), p € [1,00).
Find adapted Wasserstein distance
P = _vyIp
AWE (p,v) XNlur}}f/NyEHX Y]

bicausal

“ inf

7RISR
Typ=v
T biadapted

Z T(x ] .

T(X)=(T1(X1),T2(X1,X2),....,TN(X1,..., XN))

and symmetric condition.

Metrises adapted weak topology on P,(RY)

Acciaio, Aldous, Backhoff-Veraguas, Bartl, Beiglbock, Bion-Nadal,
Eder, Hellwig, Kallblad, Pammer, Pflug, Pichler, Talay, Zalaschko,
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Continuous time

Similar definition of Wasserstein distance in continuous time w.r.t.
LP norm on Q = C([0,T],R)

o
u,v € P(Q)  ~ Wg(u, v):= inf E7 [/ |lwe — (Dt|pdt}
7eCpl(u,v) 0

Cpl(p,v) ={r =Law(X,Y): X ~pu, Y ~v}
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Continuous time

Similar definition of adapted Wasserstein distance in continuous
time w.r.t. LP norm on Q := C([0,7],R)

T
pv € P(Q)  ~  AWP(u,v) = inf( )IEW [/ lwe — (Dtpdt]
I’L7V 0

TeCply,,

Cplye(p,v) = {m € Cpl(,v): m bicausal}

“F{X independent of 7} conditional on F}'” and vice versa
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Optimal Transport




b,b: [0,T] xR =R, 0,5: [0,T] x R — [0, c0),

dX; = bt(Xt)dt + Ut<Xt)dBt, XO = 2o,
dXt = Bt(Xt)dt =F a't(Xt)th, XO = Xg-

p = Law(X), v = Law(X)

Theorem [Backhoff-Veraguas, Kallblad, R. '24]

For “sufficiently nice” coefficients, we can compute the adapted
Wasserstein distance by

T
AWP(u,v) = E[/ | Xt — Xt|pdt]a with 5 =11
0



Coupling SDEs

dX; = bt(Xt)dt + O't(Xt>dBt, Xo=z ~ LaW(X) =u
dXt = Bt()?f)dt + a't(Xt)th, XO =X ~ LaW(X> =V

Theorem [Backhoff-Veraguas, Kaillblad, R. '24]

Optimising over bicausal couplings 7 € Cpl,,.(u, V)
-~
Optimising over correlations between B, W



Coupling SDEs

Theorem [Backhoff-Veraguas, Kallblad, R. '24]

Optimising over bicausal couplings m € Cpl,.(u, V)

=

Optimising over correlations between B, W

Product coupling

B, W independent

N

ﬁf'“ | M
WAy )
W

Synchronous coupling

Choose the same driving

Brownian motion B = W.




Proof of main result

dXt = bt(Xt>dt + O't(Xt)dBt, XO =T ~ LaW(X) = U
dXt = l_)t()?t)dt + 5't(Xt)th; XO =T ~ Law()?) =V

Theorem [Backhoff-Veraguas, Kallblad, R. 24]

For “sufficiently nice" coefficients, we can compute the adapted
Wasserstein distance by

T
AWII;(M, I/) =FE |:/O |Xt — Xt|pdt:| y with B = W.

1. Discretise SDEs:
2. Solve discrete-time bicausal optimal transport problem;

3. Pass to a limit.
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Ingredients

SDEs




Classical optimal transport on R

Probability measures p1, v € Pp(R), p € [1,00).

Wasserstein distance

WE(n,v) = _inf  E|X ~ Y]

is attained by monotone rearrangement

X =F;'(U), Y=F,'(U), U uniform



Key result in discrete time

N
vePRY) ~ AWP(u,v):= inf ET X, — Y,
. ( ) P <ILL ) Tl’GCple(,u,V) [; ’ ’

Knothe—Rosenblatt rearrangement
— generalisation of monotone rearrangement to N time steps
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Key result in discrete time

N
vePRY) ~ AWP(u,v):= inf ET X, — Y,
. ( ) P <ILL ) Tl’GCple(,u,V) [; ’ ’

Knothe—Rosenblatt rearrangement
X1 = Fu_ll(Ul), Y = F,/_ll(Ul), and for k£ € {2, L. ,N}
—1 —1
Xy =F (Uk), Y= Fl,Yl 7777 o (Ug)

Xy, X

U1, ...,Up independent uniform
KR (4, V) == Law(X,Y’)
Theorem [Riischendorf '85]

For i, v Markov and stochastically comonotone, the
Knothe—Rosenblatt rearrangement is optimal.



Proof of main result

dXt = bt(Xt>dt -+ O't(Xt)dBt, XO =T LaW(X) = U
dXt = l_)t()?t)dt -+ 5't(Xt)th; XO =T ~ Law()?) =V

Theorem [Backhoff-Veraguas, Kallblad, R. 24]

For “sufficiently nice" coefficients, we can compute the adapted
Wasserstein distance by

T
AWII;(M, I/) =FE |:/ |Xt - Xt|pdt:| y with B = W.
0

1. Discretise SDEs:
2. Solve discrete-time bicausal optimal transport problem;

3. Pass to a limit.
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Optimal Transport




A monotone numerical scheme

dX; = b(X,)dt

Euler scheme
Xt = Xo,
X[ = X[+ b(Xpn)(t — kh), te (kh, (k+1)h].



A monotone numerical scheme

dX; = b(X;)dt + AW,

Euler—Maruyama scheme
X¢ = Xo,
XP = XP 4 b(Xpp)(t — kR) + W, — Wy, t € (kh, (k+1)h)].



A monotone numerical scheme

dX; = b(X,)dt + dW,

Euler—-Maruyama scheme
Xt = X,
X[ = X[+ b(Xpn)(t — kh) + Wi — Wiy, t € (kh, (k4 1)A)].

Write X! := X! and p" = Law((X])).

Remark

X{; — X&H) is increasing if b is Lipschitz, h < 1



A monotone numerical scheme

dXt = b(Xt)dt + (7( th

Monotone Euler—-Maruyama scheme
X = X,,
X=X 4+ b(Xpn)(t — kh) + o (X)) WP = W), t € (kh, (k+ 1)A].

Wh-wph = Wineh—Win, = inf{t > kh: |W;—Wa| > Ap|}

Cf. [Milstein, Repin, Tretyakov '02], [Liu, Pages ‘22|, [Jourdain,
Pages '23]



A monotone numerical scheme

dXt = b(Xt)dt + O'(Xt)th

Monotone Euler—-Maruyama scheme

X = X,,

X = X2+ b(Xgn) (t — kh) + o (Xpn) (W — W), t € (kh, (k + 1)A].
Wh-wph = Wineh—Win, = inf{t > kh: |[Wi—=Wip| > Anl}
Write X7 := X! and p* = Law((X})x).



A monotone numerical scheme

dXt = b(Xt)dt + O'(Xt)th

Monotone Euler—-Maruyama scheme
X§ = Xo,
X = X2+ b(Xgn) (t — kh) + o (Xpn) (W — W), t € (kh, (k + 1)A].

Wh-wph = Wineh—Win, = inf{t > kh: |[Wi—=Wip| > Anl}
Write X7 := X! and p* = Law((X})x).

Lemma [Backhoff-Veraguas, Killblad, R. '24]

For b, o Lipschitz, the monotone Euler—Maruyama scheme is
stochastically increasing.

Hence the Knothe—Rosenblatt rearrangement is optimal for p*, 1"

Moreover, kg (u", V") = Law (X", X"), B = V.
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Ingredients




Assumptions

— Continuous coefficients with linear growth

— Strong existence and uniqueness

dX; = bt(Xt)dt -+ O't(Xt>dBt, Xo=z ~ Law(X) = U
dXt = Bt(Xt)dt -+ 6t(Xt)thu XO =T ~ LaW(X) =V

Main Theorem [Backhoff-Veraguas, Kallblad, R. 24]
The adapted Wasserstein distance is given by

T
AWE (p,v) = E[/O | X — Xt|Pdt], with B = /.



Assumptions

— Continuous coefficients with linear growth

— Strong existence and uniqueness

dX; = bt(Xt)dt -+ O't(Xt>dBt, Xo=z ~ Law(X) = U
dXt = Bt(Xt)dt -+ 6t(Xt)thu XO =T ~ LaW(X) =V

Main Theorem [Backhoff-Veraguas, Kallblad, R. 24]
The adapted Wasserstein distance is given by

T
AWE (p,v) = E[/O | X — Xt|Pdt], with B = /.

Synchronous coupling solves general bicausal transport problem



Extensions

— Irregular coefficients [R. Szolgyenyi '24]

— discontinuous drift with exponential growth
— bounded measurable drift

— Higher dimensions

— counterexamples [Backhoff-Veraguas, Kallblad, R. '24]
— different techniques needed

— More general processes (work in progress...)

— jump-diffusions, McKean—Vlasov equations, ...



— Study
— ldentify of SDEs
— Exploit properties of
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